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In this communication we present a theoretical study of chemical reactions in a system of solid particles, immersed
in a fluid environment. Our primary concern here is investigation of the systems of catalytic particles in a liquid
media; however with some slight modifications our results are applicable to aerosol systems as well. We consider
a second-order reaction, which proceeds both homogeneously in the environment, and heterogeneously at surfaces
of catalyst particles. The Langmuir adsorption-desorption kinetics is considered explicitly. For definiteness, we are
considering the so-called “three-step mechanism” of the heterogeneous reaction.
PACS: 82.20.-w, 82.65.+r, 82.40.-g
1. INTRODUCTION
For the heterogeneous chemical reaction at the sur-
face of catalyst particles, the complete process in-
volves several steps: mass transfer of reactants in
the ﬂuid phase, adsorption to the surface of cata-
lyst particles, and chemical reaction at the surface.
This is followed by desorption of the reaction prod-
uct in the liquid phase, the subsequent mass transfer
of the product, and possibly some additional homo-
geneous chemical reactions. Some of these steps can
become determining. To determine the rate of the
entire process we must identify each such step (or
steps) and estimate the rate of this step.
Research in physics and chemistry of heteroge-
neous systems often has as its objective the un-
derstanding and prediction of spatio-temporal dis-
tributions of reactants and reaction products on a
macroscopic scale (a scale much larger than particle
sizes and distances between them). That is why the
“coarse-grained” description of such systems may be
useful [1–5]. The heterogeneous nature of the chem-
ical reaction is taken into account by distinguishing
the mean concentrations of the reagents in the liquid
bulk and the mean local concentrations in the vicin-
ity of particles’ surfaces as macroscopic variables of
the system. Thus, the distribution of each reagent is
characterized by two diﬀerent scalar ﬁelds, the global
and the local concentrations.
In the present paper we consider the catalyst par-
ticles of same constant size immersed in a liquid
medium. We are considering a second-order reaction,
which occurs both homogeneously in the environ-
ment, and heterogeneously at the surfaces of catalyst
particles. Adsorption-desorption Langmuir kinetics
is taken into account explicitly. For deﬁniteness, we
consider the so-called “three-step mechanism” of the
heterogeneous reaction.
In the experiments designed to study the bi-
nary heterogeneous reaction researchers sometimes
use preliminary saturation with only one of the reac-
tants, to reduce the role of the homogeneous reaction;
so ﬁrst we will consider the problem of adsorption-
desorption in the absence of reaction.
2. PRESATURATION
We start by considering the processes at the surface
of a single particle. At the surface of the particle
the adsorbed complex of reagent A molecule with an
active site of the surface is formed [6]
A + Particle ⇀↽ (A)ads , (1)
and if for the adsorption of A the Langmuir kinetics
is assumed, the mass balance at the surface is given
by:
dn1
dt′
=
[
k1N
s
1 (n0 − n1)−
←
k1n1
]
P0, (2)
where n0 is the total number of active sites for adsorp-
tion of molecules A at the surface of a single particle;
n1 – the number of adsorbed molecules A at the sur-
face of a single particle; Ns1 – a number of molecules
A per unit volume in the immediate vicinity of the
particle surface; k1 – the rate constant of adsorption
for molecules A;
←
k1 – the rate constant of desorp-
tion for molecule A; P0 – the surface area of a single
particle; t′ – time.
If N0 is the average number of atoms (molecules)
per unit volume of the environment, and c(s)1 =
Ns1
N0
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is concentration of A in the immediate vicinity of the
particle surface, we can rewrite the equation (2) in
terms of relative surface coating of the particle with
A-molecules s1 = n1n0 :
ds1
dt′
=
(
P0k1N0
) [
c
(s)
1 (1− s1)− a1s1
]
, (3)
where a1 =
←
k 1
k1N0
.
On a scale of a single particle, both the molecu-
lar diﬀusion and the convection contribute to the 3-
dimensional mass transfer between the environment
and the particle. Even for a well-mixed system, each
particle is surrounded by a boundary layer of essen-
tially stationary liquid; the mass transfer through
this layer is determined by molecular diﬀusion. The
driving force behind the ﬂow of materials to / from
the surface is the diﬀerence between the global ci =
Ni
N0
and the surface c(s)i =
Nsi
N0
concentrations. The
ﬂux density is presented conventionally as
jsi = κiN0
(
ci − c(s)i
)
, (4)
where κi are mass transfer coeﬃcients [7]. The global
concentrations ci are deﬁned as the concentration of
reactants and reaction products far away from the
particle (i.e., at distances much larger than the par-
ticle size). In general, to determine the ﬂow of re-
actants to the particles, it is necessary to determine
the concentration distribution around each particle,
which tends towards the concentration c(s)i at the sur-
face and to ci far from the particle.
For species A the total ﬂux to one particle, i.e.
(js1P0) should be equal to the right-hand side of equa-
tion (2), or
κ1
(
c1 − c(s)1
)
=
(
k1n0
) [
c
(s)
1 (1− s1)− a1s1
]
. (5)
Microphysics of the model is contained in equations
(3) and (5). Our goal at this stage is to derive macro-
scopic equations to describe the dynamics of the con-
centration on large scales. Therefore, we must av-
erage out the small-scale phenomena (on a scale of
a single particle), but take into account their aver-
aged eﬀect on the large-scale dynamics. Thus, we
need to introduce new variables, averaged over the
ensemble of particles. At this stage we introduce the
concept of local concentration. In general, the local
concentrations c˜i are the result of averaging of the
surface concentrations c(s)i over all particles of the
same size in a physically small volume, still contain-
ing a large number of particles, located at coordi-
nates (x, y, z) and time t′. The size of this volume
is assumed to be much smaller than the size of re-
actor, but much larger than the particle size. For a
well-mixed reservoir the dependence on macroscopic
coordinates is absent. Thus, for a macroscopically
homogeneous system, the local concentrations c˜i (t′)
are the macroscopic variables which depend on the
macroscopic time. We consider ﬁrst the ensemble of
identical catalytic particles. In this case, the averag-
ing procedure is simpliﬁed, and it is possible to iden-
tify local concentrations c˜1 with the mean values of
surface concentrations c(s)1 . This allows the next step
– to average the relative surface s1 coverage, and ar-
rive, by averaging equations (3), (5), at the equations
for the macroscopic variables, c1,c˜1 and s¯1:
ds¯1
dt′
=
(
P0k1N0
)
[c˜1 (1− s¯1)− a1s¯1], (6)
κ1 (c1 − c˜1) =
(
k1n0
)
[c˜1 (1− s¯1)− a1s¯1]. (7)
Now let’s turn to the macrophysics of the problem.
On large scales the dynamics of global concentrations
ci of all species is controlled by the mass balance
equation with a sink/source in the right-hand side
dci
dt′
= −Φi. (8)
On the scale of the entire system (reactor), i.e. on a
scale that is much larger than the size of the parti-
cle, Φi are sinks/sources due to adsorption-desorption
and chemical reaction. The diﬀerence in scale allows
us to consider the mesoscale (scale of a single particle)
mass transfer, by introducing a macroscopic distribu-
tion of sinks and sources Φi, phenomenologically av-
eraging the mesoscale phenomena, such as local mass
transfer to and from the particle surface. According
to (4), we shall write the sinks/sources in the usual
manner
Φi = Sκi (ci − c˜i) , (9)
where S is the reactive surface per unit volume;
S = P0M0, where M0 is the number of catalyst parti-
cles per unit volume. Thus, for particles of the same
type, we arrive at the macroscopic equations of bal-
ance for each species
dci
dt′
= −Sκi (ci − c˜i) . (10)
It is convenient to take the characteristic time τ =
1
Sκ1
of the mass transfer of reagent A as the time
scale. Introducing the dimensionless time t = t
′
τ , we
can write the presaturation equations system (6), (7)
and (10) in the dimensionless form (for convenience,
we have dropped the bar over s1):
η
ds1
dt
= c˜1 (1− s1)− a1s1, (11)
η (c1 − c˜1) = ω[c˜1 (1− s1)− a1s1], (12)
dc1
dt
= − (c1 − c˜1) , (13)
where η = M0κ1
N0k1
, ω = M0n0N0 .
The dimensionless parameter ω has a simple
meaning: it is the ratio of the number of “best avail-
able heterogeneous sites” per unit volume to the av-
erage total number of atoms (molecules) per unit vol-
ume of the environment; usually this ratio should be
very small. The dimensionless parameter η is the
ratio of characteristic time for adsorption to char-
acteristic time of local mass transfer, which usually
must also be very small; but the relative size of these
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parameters may be diﬀerent for diﬀerent physical sit-
uations.
The system (11) - (13) must be supplemented by
the initial conditions:
c1|t=0 = c10, s1|t=0 = s10. (14)
The initial value s10 takes into account some (proba-
bly small) number of A, which has already been ad-
sorbed during the introduction of this substance into
the system.
The system (11) - (13) could be solved exactly:
(
c1 − c1e
c10 − c1e
)E1 ( c1 + d
c10 + d
)E2
= exp (−t) , (15)
where b =
√
(c¯10 − ω − a1)2 + 4a1c¯10, c1e =
1
2 [c¯10 − ω − a1 + b], d = 12 [−c¯10 + ω + a1 + b], E1 =
1
2
[
1 + 2η+ω−c¯10−a1b
]
, E2 = 12
[
1− 2η+ω−c¯10−a1b
]
. The
standard approach to the Langmuir kinetics is
to assume quasi-stationarity with respect to the
adsorption-desorption, that is to set η = 0 in the
left-hand side of (11). This does not change the
equilibrium state; the slight diﬀerence in dynamics
may be signiﬁcant only if a large coverage s1 ∼ 1 is
achieved; this is possible only for very small a1. This
means that for pure saturation (i.e. without a reac-
tion) the quasi-stationary approximation works quite
well. However, this does not hold for the combined
adsorption and reaction.
3. REACTION
Suppose now that in the system pre-saturated with
reagent A the generation of the reagent B(with a con-
stant rate) is started; and the reaction of A and B
produces C.
We will consider ﬁrst a single second-order reac-
tion with a single product, which occurs both het-
erogeneously and homogeneously. We presume the
following so-called three-step heterogeneous reaction
mechanism:
A + Particle ⇀↽ (A)ads , (16)
(A)ads + B ⇀↽ (C)ads , (17)
(C)ads ⇀↽ Particle + C. (18)
Proceeding along the same lines the basic system
for averaged coverages si and for bulk and local con-
centrations ci, c˜i could be obtained1:
η
ds1
dt
= [c˜1 (1− s1 − s3)− a1s1]− η σ
ω
(c˜2s1 − ξs3) ,
(19)
η
ds3
dt
= θ[c˜3 (1− s1 − s3)− a3s3] + η σ
ω
(c˜2s1 − ξs3) ,
(20)
η (c1 − c˜1) = ω[c˜1 (1− s1 − s3)− a1s1], (21)
ν3η (c3 − c˜3) = ωθ[c˜3 (1− s1 − s3)− a3s3], (22)
ν2 (c2 − c˜2) = σ (c˜2s1 − ξs3) , (23)
dc1
dt
= − (c1 − c˜1)− ρ (c1c2 − ζc3) , (24)
dc2
dt
= −ν2 (c2 − c˜2)− ρ (c1c2 − ζc3) + J, (25)
dc3
dt
= −ν3 (c3 − c˜3) + ρ (c1c2 − ζc3) . (26)
Where in addition to the notation already intro-
duced above, here θ = k3k1 , ν2 =
κ2
κ1
, ν3 = κ3κ1 , ρ =
rh
Sκ1
,
J = J
′
N0Sκ1
and σ = rn0κ1P0 =
rn0M0
Sκ1
; k3 and
←
k3 –
the rate constants for the adsorption and desorp-
tion of C-molecules; ξ =
←
r
rN0
is the reciprocal of the
equilibrium constant K in the Law of Mass Action,
K = 1ξ =
rN0
←
r
. r and ←r - the rate constants of forward
and reverse reactions, respectively; rh - the rate con-
stant for homogeneous reaction; ζ = 1Kh , Kh - the
equilibrium constant in the MAL for a homogeneous
reaction; J ′ - the rate of homogeneous generating of
reagent B.
As before the time scale is τ = 1Sκ1 . Initial con-
ditions are:
c1|t=0 = c1e; s1|t=0 = s1e; c2|t=0 = 0;
c3|t=0 = 0; s3|t=0 = 0.
(27)
4. PRELIMINARY ANALYSIS OF THE
SYSTEM OF EQUATIONS
Combining equations we obtain the “conservation
law” for substances A and C and an additional time-
dependent costraint:
ω
d
dt
(s1 + s3) = (c1 − c˜1) + ν3 (c3 − c˜3) , (28)
ωs1 + c1 − c2 = ωs1e + c1e −
t∫
0
Jdt. (29)
In accordance with the standard assumption for
the Langmuir kinetics, the adsorption-desorption is
assumed to be very fast, i.e. η  1. However, in the
presence of a surface chemical reaction the distinc-
tion is more subtle. If the adsorption-desorption and
the reaction are comparably fast, that is η σω ≈ 1, the
quasi-homogenous assumption for equations (19) –
(20) is still justiﬁed; however on the mesoscopic time
scale (on the time scale of local mass transfer) there
is no “storing” of molecules A on the surface of the
catalyst particle; the local ﬂux densities are propor-
tional manifesting the stoichiometry condition.
Comparison of exact and approximate (for quasi-
stationarity) balance equations makes it obvious that
the assumption of quasi- stationarity means simul-
taneously that the number of adsorbed A-molecules
per unit volume is small compared to their num-
ber per unit volume in the environment. If ω is
not too small, it means that s1 is vanishingly small,
i.e. the coating of particles with A- and C-molecules
will be also always small. This means that the ad-
sorbed A-molecules are immediately consumed; the
1Here we have assumed the kinetic Mass Action Law (MAL) both for the surface and homogeneous reactions.
313
C-molecules produced by the reaction are immedi-
ately desorbed. The A- molecules stored during pre-
saturation will be “wasted” very (probably unobserv-
ably) quickly during the initial period of the experi-
ment; it will probably be impossible to ﬁnd any trace
of the product C on the particles later. So this is
deﬁnitely not the experimental situation that we are
interested in.
On the other hand, if the adsorption-desorption is
much faster than any other process, including the sur-
face chemical reaction, both η  1, and η σω  1. In
this case equations (19) and (20) for s1and s3, respec-
tively, are still non-stationary, due to slower changes
as a result of a chemical reaction.
In this paper we shall consider only the latter case.
For this case we can express the relative coverage
in terms of local concentrations:
s1 =
c˜1
a1
1 + c˜1a1 +
c˜3
a3
, s3 =
c˜3
a3
1 + c˜1a1 +
c˜3
a3
, (30)
which is the standard expression for the Langmuir
kinetics, see [6]. Then we can express all bulk con-
centration in terms of local concentrations c˜i:
c2 = c˜2 +
σ¯
ν2
c˜1c˜2 − ξ¯c˜3
1 + c˜1a1 +
c˜3
a3
. (31)
c1 = c2 + c¯1e −G (t)− ω
a1
c˜1
1 + c˜1a1 +
c˜3
a3
, (32)
c3 = −c2 + G (t)− ω
a3
c˜3
1 + c˜1a1 +
c˜3
a3
, (33)
where G (t) =
t∫
0
Jdt = Jt.
Substituting (31) – (33) for c1, c2 and c3 into
(24) – (26) yields, after some rearrangement of the
system, three strongly nonlinear diﬀerential equa-
tions for c˜1, c˜3 and c˜3. This means that the original
system of ﬁve diﬀerential and three algebraic equa-
tions is now reduced to only three equations, without
any additional approximations. Reformulation the
problem in terms of local concentrations, which we
call the interaction representation, was widely used in
our previous work on heterogeneous reactions [1–3].
For simplicity let’s suppose that the relative cov-
erage s1, s2, while quite observable, are still much
less than a unity; then the saturation eﬀects repre-
sented in the denominators of the right-hand side of
(30) are insigniﬁcant (which corresponds to the ap-
proximation of Henry’s Law):
s1  c˜1
a1
, s3  c˜3
a3
. (34)
Thus, the coverage is simply proportional to the
concentration over the surface. This assumption is
not necessary for solving the system, see [3], and is
aimed to make the following calculations a little more
transparent.
To compare the relative importance of heteroge-
neous and homogeneous reactions, it is appropriate to
consider both at their peak performance mode; so we
assume that both heterogeneous and homogeneous
reactions are irreversible ξ = ζ = 0. Accordingly,
equation (31) reduced to
c2 = c˜2 +
σ¯
ν2
c˜1c˜2. (35)
a
b
c
Changing of local concentrations with time at
ρ = 0.5, ω = 0.02, η = 10−3, a1 = 0.01, J = 0.007,
ν2 = 0.7, c10 = 0.002, c1e = 6.97 × 10−4 and σ
possesses values 102 (a), 103 (b), and 104 (c)
5. DISCUSSION AND CONCLUSIONS
Let us consider ﬁrst the case where heterogeneous re-
action is inﬁnitely fast, that is σ¯ →∞. As c2 and c˜2
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in (35) are bounded from above, the product (c˜1c˜2)
should be simultaneously approaching zero. Physi-
cally, this means that if the reaction is very fast, in
the close vicinity of the particle’s surface, at least
one of the reactants must be immediately depleted
to zero. From (35) and the initial condition (27) it is
evident that at least for some time after t = 0 c˜1 = 0;
that is, c˜2 = 0.
As usual, an important characteristic of the
process is the “switch” time, i.e. the transition from
a local depletion of one component to the local de-
pletion of the other. We are interested in the case of
a strong source, i.e. large J . Then the “switch” must
occur at suﬃciently small times. Numerical analysis
shows a smooth change in the dynamics of the sys-
tem at increasing rate of surface reaction. Numerical
examples are presented in Figures a, b, and c.
We are interested in a situation where the main
role is played by a heterogeneous reaction. In this
case, the homogeneous reaction rate is low. In this
case in the ﬁrst approximation although the concen-
trations of both reagents depend on the rate of ho-
mogeneous reaction ρ, the “switch” time in the same
approximation is independent on this rate.
Concluding, the approach proposed in the present
communication allows the detailed analysis of the in-
terplay between the heterogeneous and homogeneous
routes of reaction and elucidates the means to make
the heterogeneous route more pronounced.
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